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Abstract
In this article, (X, A, µ) is a measure apace. A classical result establishes a Riesz
isomorphism between L1(µ)∼ and L∞(µ) in case the measure µ is σ-finite. In
general, there still is a natural Riesz homomorphism Φ : L∞(µ)→ L1(µ)∼, but
it may not be injective or surjective. We prove that always the range of Φ is
an order dense Riesz subspace of L1(µ)∼. If µ is semi-finite, then L1(µ)∼ is a
Dedekind completion of L∞(µ).
Background Every h in L∞(µ) induces an element φh of L
1(µ)∼ by
φh(f) =
∫
(fh)dµ (f ∈ L1(µ)),
As is well known, the map Φ : h 7→ φh of L
∞(µ) into L1(µ)∼ is a Riesz iso-
morphism in case the measure is σ-finite. Without σ-finiteness it is still a Riesz
homomorphism.
By Theorem 243 G(a) in [1], φ is injective if and only if µ is semi-finite. Given
semi-finiteness, Φ is surjective if and only if L∞(µ) is Dedekind complete, as
follows from Theorems 241 G(b) and 243 G(b) in [1]. Our result implies that,
for semi-finite µ, L1(µ)∼ actually is a Dedekind completion of L∞(µ).
Notations (X, A, µ) is a measure space.
We write L1, L∞,
∫
X
f as abbreviations of L1(µ), L∞(µ),
∫
fdµ, respec-
tively.
A set A in A determines a measure space (A, AA, µA) where AA = {Y ∩A :
Y ∈ A} = {Y ∈ A : Y ⊂ A} and µA is the restriction of A to AA. We write
L1(A), L∞(A),
∫
A
f for L1(µA), L
∞(µA),
∫
fdµA, respectively.
A set A in A is ”of σ-finite measure” is there exist A1, A2, ... in A with
A = ∪An and µ(An) <∞ for all n.
If f ∈ L1, then the (a.e. defined) set A = {x : f(x) 6= 0} is of σ-finite
measure and f = f1A (in L
1).
1
Lemma The map h 7→ φh if L
∞ into (L1)∼ is a Riesz homomorphism.
Proof Let h, j ∈ L∞, and let α ∈ (L1)∼ be such that α ≥ φh and α ≥ φj in
(L1)∼; we prove α ≥ φh∨j .
If A := {x ∈ X : h(x) ≥ j(x)}, then h ∨ j = h1A + j1X\A. For f ∈ (L
1)+
we see that
α(f) = α(f1A) + α(f1X\A)
≥ φh(f1A) + φj(f1X\A)
=
∫
X
f1Ah+
∫
X
f1X\Aj
=
∫
X
f(1Ah+ 1X\Aj) = φh∨j(f).
Theorem The Riesz space {φh : h ∈ L
∞} is order dense in (L1)∼.
Proof Let α ∈ (L1)∼, α > 0; we look for an element h of L∞ with
0 < φh ≤ α. (∗)
Choose a g in (L1)+ with α(g) > 0 and a set A in A of σ-finite measure with
g = 0 a.e. off A, i.e., g = g1A.
For u : A→ R define uX : X → R by
uX = u on A,
uX = 0 on X\A.
If u ∈ L1(A), then uX ∈ L1, so α(uX) exists. By the σ-finiteness of A there
is a w ∈ L∞(A) with α(uX) =
∫
A
uw for all u ∈ L1(A). Now h := wX lies in
L∞. For f in L1 we have
φh(f) = α(f1A)
since φh(f) =
∫
X
fh =
∫
X
fwX =
∫
A
(f |A)w = α((f |A)
X) = α(f1A).
Now we can prove the validity of (∗):
(1) φh > 0 because φh(g) = α(g1A) = α(g) > 0;
(2) φh ≤ α because for f ∈ (L
1)+ we have φh(f) = α(f1A) ≤ α(f).
Corollary If µ is semi-finite, then (L1)∼ is a Dedekind completion of L∞.
(See ”Background”.)
As a by-product we obtain the result quoted above: Φ is surjective if and only
if L∞ is Dedekind complete.
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